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Abstract. With the help of scaling methods, a general relation is established between the
thermodynamic pressure and the mechanical pressure tensor of an equilibfium one-compenent
ptasma in a magnetic field. The mechanical pressure tensor is shown to be anisotropic. A general
proof of the compressibility sum rule for a magnetized quantum plasma is presented. Finally,
fourth-order wavenumber inequalities for the static charge correlation function are derived.

1. Introduction

The pressure of a fluid system in equilibrium can be defined in several alternative ways.
One way is via the microscopic pressure tensor, of which the divergence appears in the
equation of motion for the momentum density. Performing the ensemble average, we arrive
at the so-called mechanical pressure tensor.

A different standard way to define the equilibrium pressure is by taking the volume
derivative of the free energy, which follows from the canonical partition function. In this
way, one gets the thermodynamic pressure, which is a scalar quantity for fluid systems.

The normal way to establish a relation between the two pressures is via the virial
theorem. For classical systems, the pressures turn out to be equivalent. For quantum
systems, the proof of the equivalence is not so simple. There was much debate in the fifties
concerning the details of the proof of the quantum-mechanical virial theorem for fluids of
neutral particles with short-range interactions; however, this was eventually settled {1, 2].
For the electron gas, with long-range Coulomb interactions, the presence of the uniform
background has to be taken into account [3].

When a magnetic field is present in an electron gas, the virial theorem loses its validity;
this was demonstrated for the two-dimensional case in [4]. Furthermore, the mechanical
pressure tensor may become anisotropic in the presence of a magnetic field, as was shown
for a free electron gas in a magnetic field [5, 6].

In this paper, we will derive a general relation between the mechanical pressure tensor
and the thermodynamic pressure for an equilibrium one-component quantum plasma in a
magnetic field. This relation will be established with the use of scaling methods in section 3.
It is valid for all densities and temperatures for which the plasma is in a fluid phase. As a
result, the mechanical pressure tensor is found to be anisotropic for the interacting plasma
in a magnetic field. The anisotropy will be shown to be caused by the Landau diamagnetic
effect so that it is a pure quantum effect.

The existence of inequivalent pressures implies the existence of different compressibil-
ities. In section 4, it will be demonstrated which compressibility enters the compressibility
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sum rule for the charge fluctuations. This is achieved by combining the scaling methods
of section 3 and the microscopic equations of motion. For a vanishing magnetic field, the
mechanical and the thermodynamic compressibilities coincide. The compressibility rule
then has the same form as for a classical plasma, as was argued previously in [7]. A review
of the compressibility rule for classical plasmas can be found in [8].

The compressibility rule gives information on the long-wavelength limit of the charge
response function, which is an integral of the charge correlation function over imaginary
times. Using inequalities derived in [9-11], one may also obtain information on the equal
time or static charge correlation function in the form of upper and lower bounds. For the
unmagnetized plasma, these bounds will be established in section 5.

The system we will be investigating is 2 quantum-mechanical plasma in & classical
external magnetic field. The field is taken to be time-independent and homogeneous. The
system is assumed to be in full equilibrium so that all its properties are independent of
time. As a model, we will consider the one-component plasma (OCP). It consists of N
interacting particles of charge ¢ and mass m that move in a neutralizing inert background.
The spin of the particles will be neglected. The background, which is assumed to be free
of impurities, has a charge density —gy = —en = —eN/V where V is the volume of
the system. We suppose the system to be in the fluid phase. Our treatment will take full
account of the effects of quantum statistics. The results will be valid for arbitrary values of
the magnetic-field strength and for any temperature and density in the fluid range.

2. Equations of motion

In this section, the equations that will be the starting peint for the rest of the paper will be
reviewed. The Hamiltonian of the magnetized OCP reads

1 e 2 t e
H=— [ ~Za NV £
2m ; P =3 (r“)] + 2; 4xt|ry — gl

e? &
—-n &er——+ ln2f dJrf & — 1
Za:fy damir—vy| 2 Jy v dmwir —r| M

Here, p, and 7, are the momenta and positions of the particles and » is the number density.
The vector potential A describes the magnetic field B in an arbitrary gauge. The prime at
the summation indicates that the (@ = 8)-termn is excluded.

The charge density and the current density are defined by

Qr)y=e) 8(r—ra) —gv @)

J) = 5= 3 ma 30 = 1)) ®

where we have introduced the mechanical momentum =, = p, — (e/c)A(r,). The
curly brackets denote the anti-commutator. The charge density and the current density
are connected by the following equation of motion, which is just the continuity equation

~[H, Q(r)] = -V - J (. @
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The equation of motion for the current density reads
i e e e
—[H,JJ(r)]=——V -T")+ —F({ry+ —J(r} A B. (5)
h m m mc

The quantities T and F appearing on the right-hand side are defined as follows. First, we
have T := Tun + Tpor. where Tu, is the kinetic pressure tensor

T () = 515 Y Imamfdr — va) + 8(r — ro)mimi] (6)

The divergence of the potential pressure tensor can be written as

82

. = 3.7 —— '
V-« Toa(r) fvd r VT4JI|'I"— r’|D(T’T) €))
in which we introduce the abbreviation
D(r, ) =3 8(r —ra)8(r —vg) —n Y 8(r — 1) —n Y 8 — 1) + 02, ®)
.8 o 8
Lastly, F' appearing in (5) is the force density
— _ 3.0 v € ! .
F)=-n [ &'Vt 06) ©

The implicit definition of the potential part of the pressure tensor can be turned into an
explicit definition. The function D{r, ") occurring in (7) is symmetric under an interchange
of its arguments. In fact, to bring about this feature we had to split off the force density.
Owing to the symmetry, we can write {12]

1 2
Tpa(r) = —éfo dkfd3x (mvz;—x) 8y (r — 32z) 6y (r+ (1 — 31) =)
xD(r—irz,r+(1-1i0)x) (10)

where Gy is the characteristic function of the volume V, which is equal to 1 for arguments
inside V and equals 0 elsewhere. We assume that the region V is convex, so that the potential
pressure tensor vanishes outside V. If we integrate the potential part of the pressure tensor
over the volume, the A-integral drops out:

f &Pr Toulr) = -1 f & f d’x (mvnc
v ¥

Note that both the potential part and the kinetic part of the pressure tensor are symmetric.

2

€
inx

)Bv(r)Qv(r+:c)D(1‘,r+m)- (11)
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3. Mechanical and thermodynamic pressure

In this section, we will establish a general relation between the mechanical pressure tensor
and the thermodynamic pressure. The mechanical pressure tensor is the ensemble average
of the microscopic pressure tensor that has been defined in the previous section in (6) and
{10). The thermodynamic pressure is defined via a volume derivative of the free energy in
the usual way.

To find a general relation between the two pressures, one has to write the thermodynamic
pressure as the ensemble average of a microscopic quantity, like the mechanical pressure.
A convenient way to achieve this is by carrying out the differentiation of the free energy
through a scaling method. For nentral-particle systems with short-range interactions, this is
the standard way to derive the virial theorem. A general discussion of the virial theorem in
all its varieties may be found, for example, in [13]. Once the virial theorem is established,
the equivalence of the mechanical pressure tensor and the thermodynamic pressure follows
immediately. Along these lines, the equivalence of the two pressures for neutral-particle
systems has indeed been proved [1,2]. For systems of charged particles, however, the
general argument to prove the equivalence of the two pressures cannot be taken over as
such, at least not if a magnetic field is present. Nevertheless, the same scaling method can
be used in this case to derive a more general relation between the two pressures, as we will
hereafter show.

Let us consider a variation of the volume as follows. The boundary is scaled from
rw to rw + 8¢ » rw, where Se is a deformation tensor. As a result, the volume varies as
8V = V tr Se. Furthermore, the free energy changes by an amount

1
=L ~BE,
8 = 7= 2,. SEne (12)

where 3 E, is the shift of the energy eigenvalue E,. To determine this shift, one has to solve
the Schridinger equation for the Hamiltonian (1) with the deformed boundary conditions.
Therefore, we also introduce new position variables 7, in the Schrddinger equation, such
that all v/, lie inside the ‘old’ volume V. So

To = Th =Tg — 86+ Tq. (13)

When we consider the energy eigenfunctions as functions of the new positions ), we can
write the change in the energy eigenvalues as

SE, = (Yul8H|Yn). (14)

Here, §H is the variation of the Hamiltonian at fixed values of the position variables 7.
Under the deformation (13), the momentum scales as

Do = P}, = Pa + € - P (15)
If we insert the vector potential
A(ry) = 1B ATo + Vax(Ta) (16)

with an arbitrary gauge function x, we can write the variation of the mechanical momentum
according to {13} and (15) as

Sty = —88 - 7y + -2%[(36 CB) ATy — (tr8€) B A Ty] — SVa[m S8EVex(rdl. (D)
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The variation of the kinetic part of the Hamiltonian can then be calculated to be

éHkin=-6£:[d3erjn('r)—(tré‘e)B-fd3rM(r)+B-8é-fd3rM(r)
v v v

~ 25 i 788 - Vax ()] ()

where we recognize the kinetic pressure tensor and where we have introduced the
microscopic magnetization density M

M(r) = ﬁ > e AT, 800 — T}, (19)

Along simiiar lines, one can easily show that the variation of the potential part of the
Hamiltonian yields

SHyo = —be ¢ f &r Tpa(r). (20)
Vv

Substituting (18) and (20) in the expression for the variation of the free energy (12)
with (14), we find that the gauge-dependent term in (18) drops out, so that we get

8f = —vde: (P— BM+ B -MU) 21)

where U is the unit tensor and v = V/N is the volume per particle. Furthermore, we have
introduced the volume-averaged mechanical pressure tensor P

Byt [ & (T(r) = V=) (T(k = 0))

and the volume-averaged macroscopic magnetization density M
= vl f @r (M(r) = V=) (M(k = 0)).

Clearly, the volume-averaged mechanical pressure tensor is equal to the uniform bulk value
of the mechanical pressure tensor {T(7)}, where 7 is an arbitrary position in the bulk, since
surface effects in the pressure will only be manifest in a thin layer near the boundary. On
the other hand, the volume-averaged magnetization density is certainly not equal to the
bulk value of the macroscopic magnetization density (M (r)}. In fact, the latter vanishes.
All contributions to the total macroscopic magnetization and, hence, to its volume average
originate from a thin layer near the boundary, where considerable macroscopic electric
currents circulate. These currents give rise to the Landau diamagnetic effect in the system.

For fluid systems, the free energy per particle should be dependent on the volume of the
system only and not on its shape. So, the variation of the free energy should only depend
on the trace of the deformation tensor de. Since one has §v = virde, we have found

P-BM+ B-MU=pU. (22)

As a consequence, we can write the bulk mechanical pressure tensor as the sum of an
isotropic part and an anisotropic part

P = psU - 36pp(U - BB) (23)
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where B is a unit vector in the direction of the field and where the scalar coefficients are

p=p (24)
éps =%B-M. (25)

We have proved that the (volume-averaged or bulk) mechanical pressure tensor is indeed
anisotropic. It consists of an isotropic part that is trivially related to the thermodynamic
pressure and an anisotropic part that is determined by the (volume-averaged) macroscopic
magnetization density. For a diamagnetic response 8pg is negative. This means that the
pressure in a direction transverse to the magnetic field is larger than that in a direction
parallel to the field.

The relation between the mechanical and the thermodynamic pressure that has been
obtained above is completely general. It is valid both for the interacting and the free
electron gas in a magnetic field. For the latter rather special case, the anisotropy in the
mechanical pressure and its relation to the magnetization has been found before via an
explicit caleulation [5,6]. It should be noted that for classical systems in equilibrium, the
pressure is always isotropic due to the Bohr—van Leeuwen theorem, Hence, the anisotropy
for an equilibrium plasma found here is a pure quantum effect. Of course, for magnetized
plasmas out of equilibrium, one often encounters an anisotropic pressure tensor, even in the
classical case. Examples of such systems are well known from Vlasov theory. However, the
anisotropy in that case has an altogether different cause. It can be due, for instance, to the
occurrence of different temperatures for the velocity distribution funetions in the directions
parallel and orthogonal to the magnetic field, as may be the case if collisions are rare.

4. Compressibility relation

In this section, we shall prove a relation between the derivative of the ensemble average
of an operator with respect to the density and the {(Kubo-transformed) correlation function
of the same operator and the charge. This relation enables us to find exact sum rules for
the correlation functions, which can serve as touchstones to assess approximations used
in obtaining frequency-dependent correlation functions. Furthermore, they are essential
in deriving the long-wavelength collective modes of the system via the Mori-Zwanzig
projection method [14].

The relation we are after will be established via the scaling arguments used in the
previous section. With the help of this relation, we will be able to find the fourth-order
term in the wavenumber expansion of the Kubo-transformed charge autocorrelation function
KV=1{Q(k)Q(—k))r, with K denoting the Kubo transform and T denoting truncation. It
has been argued that this fourth-order term has the same form as the fourth-order term in
the structure factor of the classical OCPp, at least for the unmagnetized plasma [7].

We start with an identity for an arbitrary local operator 2

1 1 1 -
Ko QBT = 7 {[20k), I (~k) - B)®

"~ hBwlcosy V

¢ klemk -Tn - BO
o5 <7 Wk Tk BY. (26)

The bracketed superscripts () mean that we consider the coefficient of the nth term in
the wavenumber expansion. Furthermore, w, is the plasma frequency and # the angle
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between the wavevector and the magnetic field. Identity (26) can be derived [15] from the
Fourier-transformed counterparts of the equations of motion (4) and (5). Multiplying these

equations with an operator §2 and taking the Kubo-transformed equilibrium average, one
may employ an identity valid for all operators A and B

{[H AENB(=k)r =" = [B( k), A(k)]). @7

Upon solving the resulting equations for K%(Q(k)g(—k))frz) in successive order of the
wavenumber, we end up with (26).

The comrmutator on the right-hand side of (26) can be evaluated explicitly for operators
of the type

Quinlr) = § Y _1f (), 8(r — 7)) (28)
and

1 .
Qpot(r) = f di f Ex fl@)bv(r — 122)y (r + (1 — $)z)D(r — JAz, v+ (1 — (1))
0

(29)
These are one-particle operators depending on the {(mechanical) momentum and two-particle
configurational operators with background terms and a A-integration, respectively. In the
former, one has to properly symmetrize the m factors and the delta function. Both the
charge density and the current density are of the form £2y,, while the microscopic pressure

tensor is the sum of operators Sy and 2,0
For the calculation of the commutator of €y, with J, we use the identity

[ - B, f(me)] =0 (30)

which follows from [x], 7J] = (ieh /c)e'/* B, Then, one finds
1 - eh 1

— {[Sin(k), J(—k) - B]) = —kcos tt —{Qynlk = 0))

\%4 m v

Lk Bl b, rm]) )

mm( {n,, B, {[¢*™, f(ma)], -‘k"«}]) (1)

In leading (first) order in %, the second term on the right-hand side vanishes and we find
for operators S2(k) = Qn(k)

—([Q(k) J(=k)-B) = —hcosﬁ = (ke = 0))‘5‘1'([2% Bry-k,Qk = 0)])
mv

(32)
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In particular, if we take £2i5n(k) to be the kinetic part of the pressure tensor, we get
! -
7 (Ta(k), J(=k) - BH®
eh 1 A A A oA ~ n
= 2= [Maollo = 00k - B+ kB (Tunlhe = 0) + B - (Tualh = )k ].
(33)

In the first instance, the evaluation of the commutator of Qpe with the current density
leads to

1 .
?([Qpnt(k), J(_k) : B])
;
= -“;i:- f da f & f d*x [[(1 — )itk o Ly JU-GE] . B £ ()
0
_ i[e—-i(l,.’Z)k-m _ ei(l—()\/Z))k-a:] B. v, f(a:)}
X Oy (r — SA)By (r 4+ (1 - %A)m)-:;(D(r — e, r+ (1—10x).  (34)

In zeroth order in &, the commutator vanishes as expected. In first order the commutator
reads

1 o
"7([91;0:(?@), J(=k) - B}y®
1
= ﬂcos ﬁj—(ﬂput(k =0)) — ﬂf d)\-fdsffdzxi;‘: . u":[é Y f(@)]
m vV m Jo

X By (r — 32x)By (r + (1 — %l)m)%(D(r -z, v+ Q- 102, (35)

We can write the last term as the average of the commutator of ,(k = 0) with
¥ T Br, -k, as one can verify by explicit calculation. So one ends up with expression
(32) again, which, hence, is valid for both types of operators.

Let us now consider the variation of the average of an operator 2y, or Qu for a
changing volume. After rescaling the particle positions and momenta, as in the previous
section, the Hamiltonian H is replaced by H 4+ §H. Since {2) = tr(p£2), with the density
operator p defined as p = exp(—fg H)/ trlexp(—5 H)], we see that the rescaling amounts to
replacing H by H +8H and Q by 2+ §£2. Using a well known Kubo formula to rewrite
the ‘new’ density operator, we find

1 1 3V 1
3 [?(Q(k = 0)):| = —5](2-{[- (QUE =0)H)T —~ W(Q(k =0)} + ?(Bﬂ(k =0) (36)
where the second term on the right-hand side arises from varying the factor V1,

Evaluation of the variation of the operator Q({k = Q) gives, for momentum-dependent
operators,

d
§San(ke = 0) = ;am g F ) 37)
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where the terms in the derivative should be ordered in such a way that each factor m, in turn
is replaced by &, The variation §4r, of the mechanical momentum is given in (17). The
average of the variation of operators Sy, as given in (37), can be written as a commutator:

. ”
%(391@(16 —0)) = %;([Er 5 + Py Qin(k = 0)]). (38)

If we substitute (38) and (18)—(20) in (36), we see that the gauge-dependent part x drops
out. One gets for 2 = Qy,

1 i
|51t =0)| = Btk =0)
% [ae Tk =0)— B+ 8¢ M(k =0) + (@) B - Mk = O)r
(Q(k O))-i———([Zra .8 - (m,-r— B,w,,) Qk = 0)])
(39)

The variation of configurational operators £2p can be found directly by rescaling both
Ty, & and v in the way given in (13). It reads

(mpo,(k 0y = f da f d’r f &x [z 8€- Vo f (@) 0y (r ~ A2y (r + (1 — 1))

1
x (D@~ e, v+ (1 - 10@). (40)
Just as in the calculation of the commutator of the current density with £, we can rewrite
this last equation as a commutator:

%{asapm(k=0)>———([2ra - 88 + 7y, Qpanlhe = o)]) (41)

Substituting (41) and (18)-(20) in (36), we sece that the gauge-dependent part x drops
out again. We can write the commutator in the last equation in the same way as the
comumutator appearing in the last term of (39), since the extra term depends only on the
position. Therefore, it commutes with £, and we find that expression (39) is valid for
both types of operators.

The variation of the volume-averaged equilibrium value of a local operator 2, as given
By (39}, can only depend on the change of the density {or the volume) and not on the change
in shape of the system. Hence, the right-hand side should depend on the deformation tensor
through its trace only. Therefore, we may choose &€ in a convenient way. Let us take
8¢ = Bkse with a scalar d¢. With this choice, the field-dependent terms drop out in (39).
The final result is then

3 [%(swc = on] = ,sic-{l;(sz(k = 0}k - T(k = 0) - B)pde — cos z‘}%(ﬂ(k = 0))5¢

s i_([z.ﬁm Bty bk = o;])ae 42)
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valid for both types of operators.
Using (26), (32) and (42), we arrive at an expression for the variation of an operator
which can be rewritten as

9 l = = ..1_ A T AN &)
- [V (k= cm] = Belm (k) Q(-R)y . (3)

This is a general expression for the derivative of the ensemble average of a volume-
averaged operator with respect to the density. On the right-hand side, the Kubo-transformed
correlation function for the operator and the second-order wavenumber charge density
appear. For a classical one-component plasma, a similar relation was derived on the basis
of identities for configurational correlation functions [16]. The scaling method described
above can be applied to the classical case as well.

Relation (43) may be called the generalized Stillinger—Lovett relation. In fact, as an
example of the use of (43), one may substitute Q(k) = O(k) + eNdgo. In that case,
the derivative on the left-hand side gives a trivial result. As a consequence, one recovers
the well known Stillinger—Lovett relation for the second-order term in the wavenumber
expansion of the Kubo-transformed charge autocorrelation function

l
K00 Q(=k)y = 67", (a4)

The general relation found above can alse be used to obtain a result for the fourth-order
wavenumber charge autocorrelation function, In fact, employing the identity

I e 1

(R QRN = ———— K — (k- T(k) - BQ(—E)P (45)

K
mwg cost vV

<

which can be derived [15] from the equations of motion in a similar way as (26), we can
write the fourth-order term of the charge autocorrelation function as

1 d

1 @ L3
}CV(Q(MQ( k" = pmacosd an

[%(i& Tk =0)- f;)} . (46)

With the use of (23), we may transform the right-hand side to —(1 /ﬂmwg)ﬂpg/an. So we
have found

1

prmalr “7)

KW QRN = -

where the isothermal compressibility is defined as «y = n(dpg/3n) at constant B and
B. The last equation is the compressibility sum rule we wanted to derive. It contains
the derivative of the component of the volume-averaged mechanical pressure tensor in
the direction of the field. The latter is equal to the thermodynamic pressure, as we have
seen in (24). Hence, the fourth-order term in the wavenumber expansion of the Kubo-
transformed charge autocorrelation function has indeed the same form as the fourth-order
term in the structure factor of the classical one-component plasma. It should be stressed
that the relation (47) is valid for an equilibrium magnetized quantum plasma at arbitrary
density and temperature, at least if the plasma is in a fluid phase.
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As a further example of the use of (43), one may take for (k) the Fourier-transformed
energy density E(k). One finds

1 (2 -1 (Bey)
K—(Ek)Q(-k = — 48
V{ (B (-K)r =B 32v ) 5z (48)

where ey = V-1{E(k = 0)} is the energy density.

Both (47) and (48) are useful for the derivation of the long-wavelength collective modes.
In fact, the amplitudes of these modes are linear combinations of Q(k), J(k) and E(k).
In deriving the modes by means of the projection-operator technique, one needs the inner
products of these quantities that are defined as Kubo-transformed correlation functions [14).

5. Inequalities for the static charge correlation function

In the previous section, we derived an expression for the fourth-order term in the Kubo-
transformed charge correlation function. With the use of this expression, we will show how
information on the static charge correlation function, that is at imaginary time r = 0, can
be obtained as well.

We will derive our result by using general inequalities derived in [9-11]. In these papers,
the authors derived upper [9] and lower bounds [10, 11] for the static correlation function
of general operators in terms of the static response function and moments of the speciral
function. This is achieved as follows. One staris with the observation that the moments,
the static correlation function and the static response function can all be written as an
integral containing the spectral function and some other function. Knowing this, one can
find constraints on the static correlation function in terms of suitable linear combinations of
the moments and the static response function. In the mathematical literature, this is known
as the generalized moment problem for Chebyshev-Markov systems,

Written in a form suitable for our purposes, the inequalities for the static charge
autocorrelation function read

1
fC;(QUﬂ)Q(“*’c))T —=[1hcoth(GA) — 118) < —([Q(k)]z=oQ(—k)>T

&2
%ucoth(szc—@(k)gc k)t 49)
where
S, = (- 1)" ((H,[H,....[H, Q&)]..], 0-k)))  n=135,... (50)
r=+/5:/8 (51)
= /S /[BKV-1{Q(k)Q(~K))1] (52)

In (50), an a-fold repeated commutator with the Hamiltonian appears.

We want to use the inequalities for small values of the wavenumber. Hence, we need the
small-wavenumber expansions of the various quantities in the upper and the lower bounds.
From the results of the previous section, we know

4

k
gt (53)

K5QW0(-R)r =K -
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where kp is the Debye wavevector, k3 = ne?8. This expansion has the same form,
independent of the magnetic field. The moment S can be evaluated in closed form:

5 = prlk? Yk (54)

It is likewise independent of the magnetic field. The next moment 53, however, does depend
on the magnetic field. If the magnetic field vanishes, it has the expansion

262 2
8= B | ok + 2kt (4 el ) 1o (53)
nm 15

where 5" and ¥ are the kinetic- and the potential-energy density, respectively. For

non-vanishing magnetic field, the leading-order terms already have a different form:
§3 = B'rtwllw) + ol sin® S1K% + - - (56)

where w; is the cyclotron frequency.

If we substitute the expressions (53)—(55) for the unmagnetized case in (49) and compare
the terms in order k2, we find that in this order the inequalities become an equality because
the upper and lower bounds merge

FWQRNE =y com (222, )

This confirms what is known already [7]. On the other hand, substituting (56) instead of
(55), one finds that for the magnetized OCP, the bounds do not merge in second order of .
One is left with a rather uninteresting inequality. In fact, the static charge autocorrelation
function in second order is known already [15].

The fact that the upper and lower bounds in second order coincide for the unmagnetized
QCP implies that a non-trivial inequality for the fourth-order static correlation function can
be obtained. One finds

1 2 2 o
o (ei‘f“ + e ‘) F(hep) < <{Q(k)Jr=oQ<—k)>-‘;”

T
nkikr  fnmw]

l
nkbir + nk%x

F(Bhay). (38)

Here, we have introduced the function F(x) = | = G(x) -+ —xg’(x), with G(x) = £ coth(")
Note that F is negative definite. Since the function F(x) is of order x* for small X, we
find up to order A®

([QKY =0 Q(—kNSY = — : (59)

2
ﬂkDfCr

1
|14

which is equal to the result for the classical OCPp.
In higher orders of A, the inequalities (58) give bounds for the static charge correlation
function. In order for these bounds to be consistent, another inequality, which involves
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the kinetic-energy density, the potential-energy density and the compressibility, has to be
satisfied, namely

2 ki 2 o B
;{;&)—%‘ (BV“ + 1_5'61/ ) =2 3 (60)

The validity of this inequality can be established by noting that {1/ V){Q{k)Q(—k))T, &
and S; are moments of a positive spectral function. The Schwarz inequality gives

BT (ORI O(-RS: > (5,7 (61)

which leads to (60).

The static charge correlation function for a quantum OCP in equilibrium is known in an
approximate form only, on the basis of more or less drastic assumptions. The inequalities
(58) for the Fourier-transformed static charge correlation function in fourth order of the
wavenumber are rigorous bounds, which are useful as conditions that must necessarily be
fulfilled by any approximate expression for the static correlation function in order to be
internally consisient. As such, the inequalities can serve as a tool in assessing the validity
of a phenomenological or fundamental approach that leads to such an approximate version
of the static correlation function.
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